We describe positive generalized functionals in Gaussian Analysis. We focus on the large distribution space (N ) −1 . It is shown that a positive distribution is represented by a measure with specific growth of its moments. Equivalently this may be replaced by an integrability condition.
Introduction
In recent years Gaussian Analysis and in particular White Noise Analysis have developed to a useful tool in applied mathematics and mathematical physics. For a detailed exposition of the theory and for many examples of applications we refer the reader to the recent monograph [HKPS] .
One of the basic technical ideas in the development of the theory is the use of dual pairs of spaces of test and generalized functionals. Since the usefulness of a particular test functional space depends on the application one has in mind various dual pairs appear in the literature. Here we only mention two examples which appear very flexible in applications, the Meyer-Watanabe space D and the space of Hida test functionals (S). Recently new examples of such a dual pair appeared [KoS93] , [KLS94] . Our interest in the space (N ) 1 and its dual (N ) −1 is motivated by the following arguments
• It seems to be the natural (and in some sense the only possible) construction in generalizations to a non-gaussian setting [AKS93] , [ADKS94] .
• The distribution space (N ) −1 is sufficiently large and thus contains very singular objects.
• An important feature is that it allows the inverse operations for Wick product and Wick exponential. In fact it allows a powerful 'Wick calculus', see [KLS94] .
• This has important applications in the theory of stochastic partial differential equations [Be93] , [HLØUZ93b] , [Øk93] , [Øk94] .
Motivated by results in finite dimensional distribution theory a natural question is whether the cone of positive generalized functionals is related to measures. For the space (S) * of Hida distributions this is true. Results in this direction can be found in [Ko80a, b] , [Po87] , [BeKo] , [Yok90] , [Yok93] , [Lee91] .
In this note we prove a similar statement for positive distributions in (N ) −1 . The measures arising in this context are characterized by a faster growth of their moments compared to the measures related to Hida distributions. This growth condition can be translated into an equivalent integrability condition.
The central step in the proof is the construction of the measure by given positive generalized functional. Since the exponential functionals fail to be test functionals we are not able to recover the measure from its characteristic functional using Minlos' theorem. Instead of doing this we refer to a theorem of Berezansky and Shifrin [BS71] which allows to construct a unique measure by given moments.
A slight modification of the proof gives a completely analogous result for the positive distributions in (N ) −β which will be formulated without proof.
Gaussian Analysis

Preliminaries
We start by considering a standard Gelfand triple
Here H is a real separable Hilbert space with inner product ·, · and norm |·| and N is a separable nuclear space densely topologically embedded in H. For example N can be chosen as the Schwartz test function space S(R) for H = L 2 (R). This particular choice is the usual one in White Noise Analysis see e.g. [HKPS] . The nuclear space N can be represented as projective limit of a family of Hilbert spaces {H p , p ∈ N}, such that for all p 1 , p 2 ∈ N there exists p ∈ N such that H p ⊂ H p 1 and H p ⊂ H p 2 and the embeddings are of Hilbert-Schmidt class (see e.g. [Pi] ). Without loss of generality we suppose that ∀p ∈ N, ∀ϕ ∈ N : |ϕ| ≤ |ϕ| p . The dual space N ′ is the inductive limit of the corresponding dual spaces H −p . We denote also by ·, · the dual pairings between H p and H −p and between N and N ′ given by the extension of the inner product on H. H ⊗n c with inner product given by
. We consider C σ (N ′ ) the σ-algebra generated by cylinder sets on N ′ . The canonical Gaussian measure µ on C σ (N ′ ) is given by its characteristic functional
via Minlos' theorem (see e.g. [BeKo] , [Hi80] ). Let us consider the space of square-integrable complex valued functions with respect to this measure
The well-known Segal isomorphism between L 2 (µ) and Γ(H) establishes the Wiener-Itô chaos decomposition of an element ϕ ∈ L 2 (µ) (see e.g. [Se56] , [Si] )
.
Here ϕ (n) ∈ H ⊗n c , n ∈ N and ϕ (0) ∈ C and we have the relation
For the definition of : x ⊗n : we refer the reader to the books of [Si] , [HKPS] .
Test functions and Distributions
Consider the space P(N ′ ) of continuous polynomials on N ′ , i.e. any ϕ ∈ P(N ′ ) has the form ϕ(
It is well-known that any ϕ ∈ P(N ′ ) can be written as a Wick polynomial i.e. ϕ(
(By ϕ (0) p we simply mean the complex modulus for all p.) Then we define (H p ) β q to be the completion of P(N ′ ) with respect to · p,q,β . Or equivalently
Finally, the space of test functions (N ) β is defined to be the projective limit of the spaces
For 0 ≤ β < 1 the corresponding spaces have been studied in [KoS93] and in the special case of Gaussian product measures all the spaces for 0 ≤ β ≤ 1 were introduced in [Ko78] . For β = 0 and N = S(R) the well-known space (S) = (S) 0 of Hida test functions is obtained (e.g. [KoSa78] , [Ko80a, b] , [KT80] , [HKPS] , [BeKo] , [KLPSW94] ), while in this work we concentrate on the smallest space (N ) 1 .
Let (H
−q be the dual with respect to L 2 (µ) of (H p ) 1 q and let (N ) −1 be the dual with respect to L 2 (µ) of (N ) 1 . We denote by . , . the corresponding bilinear dual pairing which is given by the extension of the scalar product on L 2 (µ). We know from general duality theory that
In particular, we know that every distribution is of finite order i.e. for any Φ ∈ (N )
where the sum converges in (N ) −1 and we have
From the definition it is not hard to see that (H −p ) −1 −q is a Hilbert space with norm
Remark: Considering also the above mentioned spaces (N ) β and their duals (N ) −β we have the following chain of spaces
Description of test functions by infinite dimensional holomorphy
We shall collect some facts from the theory of holomorphic functions in locally convex topological vector spaces, see e.g. [Di] . Let us introduce the space E(N ′ c ) of complex valued entire functions on N ′ c . A function u : N ′ c → C is entire if and only if for all y ∈ N ′ c there exists a sequence of homogeneous polynomials
converges uniformly on any neighborhood
We refer to [Di] for the following convenient equivalent definition
Proposition 1 A functional u is entire if and only if u is locally bounded and for any y, z ∈ N ′ c the mapping λ → u(y + λz), λ ∈ C is entire (in the usual sense).
We will use a subset E 1 min (N ′ c ) ⊂ E(N ′ c ) which consists of all entire functions of first order of growth and minimal type. I.e. u ∈ E(N ′ c ) belongs to
Now we have introduced the notation to state a theorem proven in [KLS94] which shows that functions from (N )
1 have a pointwise meaning on N ′ and are even (real)
analytic on this space.
Theorem 2 Any test function in (N ) 1 has a pointwise defined version which has an analytic continuation onto the space N ′ c as an element of E 1 min (N ′ c ). Vice versa the restriction of any function in
In the rest of the paper we identify any ϕ ∈ (N ) 1 with its version in E 1 min (N ′ c ). In this sense we may write
For later use we will prove the following corollary, which gives an explicit bound of the type (2) in terms of norms in the spaces (H p ) 1 q .
Corollary 3 For all ϕ ∈ (N ) 1 and q ≥ 0 we have the following pointwise bound
where ε = 2
Here p > 0 is taken such that the embedding i p 0 : H p → H 0 is of Hilbert-Schmidt type.
Proof.
Let us introduce the following function
, z ∈ N ′ c using the chaos decomposition ϕ(x) = ∞ n=0 : x ⊗n :, ϕ (n) of ϕ. Using the inequality
we may estimate |w(z)| for z ∈ H −p as follows
To achieve a bound of the type (3) we use the relation [KLS94] , [BeKo] 
This allows to estimate
We conclude the proof with the inequality 
Description of positive distributions
In this section we will characterize the positive distributions in (N ) −1 . We will prove that the positive distributions can be represented by measures. They are characterized by a condition of growth of their moments. In the case of the Hida distribution space (N ) * similar statements can be found in works of Kondratiev [Ko80a, b] and Yokoi [Yok90] , [Yok93] , see also [Po87] and [Lee91] .
Since test functionals ϕ ∈ (N ) 1 are pointwisely defined functions in the sense of theorem 2 it makes sense to define that ϕ is positive (ϕ ≥ 0) iff ϕ(x) ≥ 0 for all x ∈ N ′ . The definition of positivity of test functionals may be relaxed to µ-a.e. positvity. 
and, moreover, ∃p ≥ 0, K, C > 0 : ∀ξ ∈ N , n ∈ N 0
Vice versa, any (positive) measure ν which obeys (5) defines a positive distribution Φ ∈ (N ) −1
+ by (4).
Remark: For a given measure ν the distribution Φ may be viewed as the generalized Radon-Nikodym derivative dν dµ of ν with respect to µ. In fact if ν is absolutely continuous with respect to µ then the usual Radon-Nikodym derivative coincides with Φ.
Proof of Theorem 5.
To prove the first part we define moments of a distribution Φ and give bounds on their growth. Using this we construct a measure ν which is uniquely defined by given moments * . The next step is to show that any test functional ϕ ∈ (N ) 1 is integrable with respect to ν. Since P ⊂ (N ) 1 we may define moments of a positive distribution Φ ∈ (N ) −1 by
To get estimates on the moments we first assume ξ 1 = ...
for some p, q > 0 we may estimate as follows
To obtain a bound of ·, ξ n p,q,1 we use the well known Hermite decomposition
and the equality : ·, ξ n : p,q,1 = n! 2 1 2 nq |ξ| n p . * Since the algebra of exponential functions is not contained in (N ) 1 (see [KLS94] ) we can not use Minlos' theorem to construct the measure. This was the method used in Yokoi's work [Yok90] .
Since Wick powers : ·, ξ k : , k ∈ N are orthogonal in each (H p ) 1 q we can estimate as follows
where I 0 is a modified Bessel function of order zero (I 0 (2 −q ) < 1.3 for q ≥ 0). Via the polarization formula this implies
Then we arrive at
with
2 . Due to the kernel theorem [BeKo] , [GV] we then have the representation
where M (n) ∈ N ′⊗ n . The sequence M (n) , n ∈ N 0 has the following property of positivity: for any finite sequence of smooth kernels g (n) , n ∈ N (i.e. g (n) ∈ N⊗ n and g (n) = 0 ∀ n ≥ n 0 for some n 0 ∈ N) the following inequality is valid
This follows from the fact that the left hand side can be written as Φ, |ϕ| 2 with
which is a smooth polynomial. Following [BS71] , [BeKo] inequalities (6) and (7) are sufficient to ensure the existence of a uniquely defined measure ν on (N ′ , C σ (N ′ )), such that for any ϕ ∈ P we have
Now we are going to prove the embedding (N ) 1 ⊂ L 1 (N ′ , C σ (N ′ ), ν). Let ϕ ∈ (N ) 1 be given. Since ϕ allows bounds of the type (3) we have to find p ′ and ε such that exp(ε |x| −p ′ ) is integrable with respect to ν.
Choose p ′ > p such that the embedding i p ′ p :
We will first estimate the moments of even order
where we changed the order of summation and integration by a monotone convergence argument. Using the bound (6) we have
The moments of arbitrary order can now be estimated by the Schwarz inequality
Hence the first part of the theorem is proven. Let ν be a measure on N ′ such that (5) holds. Then an argument completely analogous to the first part of the proof shows
To establish continuity of the linear functional ϕ → ϕ(x) dν(x), ϕ ∈ (N ) 1 we proceed as follows. From the first part of the proof we know that (5) is sufficient to prove that exp(ε |x| −p ′ ) is integrable with respect to ν. We only have to choose p ′ > p such that i p ′ p : H p ′ → H p is of Hilbert-Schmidt type and to choose ε sufficiently small. Because of corollary 3 there exist C p ′ ,ε > 0 and q > 0 such that
Since the integral on the right hand side is finite the measure ν defines a distribution Φ ∈ (N ) −1 by + then Φ can be extended to those exponential functions ϕ = e i ·,ξ for which Im ξ is in a neighborhood of zero where
is holomorphic. This is due to the fact that the characteristic function of ν constructed in theorem 5 is analytic in a strip of regularity.
Using the proof of theorem 5 we can also show the following equivalent formulation which uses an integrability condition instead of moment inequalities: For β = 0 this result reduces to the well-known theorem in the case of Hida distributions [Ko80a, b] , [Yok93] , [Lee91] . This theorem gives another argument (besides the absence of a characterization theorem) why we do not consider spaces (N )
−β for β > 1. In that case we would have a growth of the moments with (n!) α where α > 1. In such a case the uniqueness of the measure fails to hold (even in a finite dimensional setting).
